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Explicit-state model checking automatically checks safety properties of finite instances of concurrent and
distributed protocols, without requiring an inductive invariant or a user-written proof. Such checks are valuable
in their own right and support an iterative verification workflow in which counterexamples guide subsequent
symbolic checks and deductive proofs. When separate tools independently implement the semantics of a
modelling language, this workflow relies on their implementations agreeing. Semantic discrepancies can cause
missed violations or spurious counterexamples, misleading later verification efforts. Connecting these stages
through machine-checked proofs must also reconcile the logical abstractions suited to proof with the concrete
representations needed for efficient state exploration.

We present Lace, a certified explicit-state safety-focused model checker built entirely in Lean and integrated
into Veil, a foundational verifier for distributed protocols. Our approach retains proof-oriented abstractions
and supplies efficient executable counterparts with proofs of semantic agreement. The central mechanism
uses type classes to pair logical state fields with runtime data structures under a single lawfulness condition.
Rewriting with this law and generalising the remaining reads recovers the verification conditions of the logical
representation, preserving existing invariants and proofs. A modular multi-extraction procedure turns non-
deterministic actions into successor functions, automatically proving that they enumerate exactly the outcomes
permitted by the axiomatic semantics. A parallel breadth-first search completes the checker, with correctness
invariants embedded in the types of its search state and worker results. We evaluate Lace on 28 independently
developed TLA+ specifications translated into Veil. On 20 benchmarks instances, Lace outperforms TLC at every
measured thread count. Moreover, an ablation shows that concrete field representations improve performance
by up to nearly two orders of magnitude, demonstrating that preserving proof-oriented abstractions is
compatible with efficient exhaustive checking. Together, our techniques for lawful field representations,
certified enumeration, and proof-carrying search offer reusable building blocks for constructing efficient
certified model checkers and related exploration tools within a proof assistant.

1 Introduction
Explicit-state model checking [25, 40, 75] provides an automated way to analyse state-transition sys-
tems such as models of concurrent and distributed protocols. For safety checking, it systematically
explores the reachable states of finite instances, without requiring an inductive invariant or a user-
written proof. A failing check provides a concrete counterexample that might indicate a design error,
while a successful exhaustive check establishes the checked safety for those instances. Such checks
are valuable in their own right, even when no deductive proof is attempted [10, 23, 30, 47, 58, 63].

These checks are also helpful when users seek to establish correctness in the unbounded setting:
a standard methodology is to perform them as a first step to avoid wasting effort on a flawed
design. This is advocated in the documentation of TLAPS [5, 65], the proof system for TLA+ [34], a
well-established specification language for concurrent and distributed systems. In this setting, the
checking step is performed by TLC [75], the explicit-state checker for TLA+. This methodology
shapes an iterative workflow [28]: users typically move from explicit-state checking to symbolic
∗Both authors contributed equally to this research.
†Work done during an internship at National University of Singapore.
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checking of candidate inductive invariants and then to deductive proof, but may return to model
checking to test candidates even at that stage [35]. Counterexamples guide revisions, while success-
ful checks build confidence, as illustrated by the verification experience of Schultz et al. [56]: they
used TLC to search for counterexamples during invariant discovery, and the resulting invariant
required no further revision in the subsequent TLAPS proof.

In the TLA+ ecosystem, different stages of this workflow are supported by separate tools (e.g., TLC
and TLAPS) [28]. Since each tool independently implements the semantics of TLA+, the workflow
implicitly relies on these implementations faithfully realising the same semantics. However, reported
bugs have caused model checkers to miss reachable states or admit impossible transitions [1, 66],
showing that this assumption can fail in practice. Such errors undermine the workflow in both
directions: a missed violation can lead users to attempt to prove an incorrect design, while a spurious
counterexample can lead them to discard a correct design or a valid invariant. Although techniques
(e.g., via differential fuzzing [16]) can uncover such discrepancies, it cannot rule them out.

A recent approach leaves the methodology and the workflow unchanged and changes how
the toolchain is built: in foundational verifiers, the modelling language is embedded in a proof
assistant, and every tool the verifier provides is connected to a single semantics by machine-
checked proofs [17, 18, 53]. What remains trusted is general-purpose infrastructure, such as the
proof assistant’s kernel and compiler (and, for automated checks, SMT solvers), rather than a
separate implementation of the semantics in each tool. Veil [53] is such a verifier for distributed
protocols, embedded in the Lean proof assistant, and supports multi-modal verification across the
workflow, combining symbolic bounded model checking (BMC) and randomised simulation [18] for
counterexample search with SMT-based checking of inductive invariants and interactive proof. For
the first stage, however, both techniques have limitations: symbolic BMC explores only executions
of bounded length and can time out even at shallow depths (Sec. 2), while randomised simulation
is not exhaustive. Neither provides the exhaustive checking of finite instances offered by TLC.

In this work, we show that, inside a foundational verifier (here,Veil), exhaustive safety checking of
finite instances can (a) provably agree with the semantics used by the later stages, and (b) outperform
state-of-the-art model checkers. These two goals pull in opposite directions. Goal (a) ties the
checker to the abstractions that suit proofs, which in Veil take two forms: an action may make
a non-deterministic choice by stating a predicate the chosen value must satisfy, without saying
how to compute it, and state fields are logical relations and functions over uninterpreted sorts, a
representation well suited for SMT-based reasoning [48]. Goal (b) needs concrete counterparts: a
function returning all successors of a pre-state by enumerating values satisfying each choice’s
predicate, and runtime field representations that make states cheap to hash and compare, since an
explicit-state checker usually does so for millions of states. Abandoning these abstractions would
complicate symbolic checking and proof, while separately maintained executable specifications
could diverge from the original ones. Our insight is therefore to retain these abstractions and supply
generic executable counterparts with machine-checked proofs of semantic agreement.
The central component of our solution concerns field representations. Using Lean’s type class

mechanism, we pair logical fields with runtime structures (arrays, hash maps, etc.) satisfying a
single machine-checked lawfulness condition: updating a runtime structure and then reading off
its logical field gives the same result as updating the logical field directly. Rewriting with this law
eliminates all concrete updates from a verification condition (VC), after which we generalise the
remaining concrete reads to fresh logical variables. This rewrite-then-generalise procedure yields
exactly the VCs of the logical representation, preserving symbolic checks and proofs while enabling
efficient hashing and membership tests without changing the specification or its invariants.

The second component concerns non-deterministic choices. In Veil’s axiomatic semantics, actions
are formulas relating a state to its successors; model checking instead requires enumerating them.
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Exploiting Veil’s encoding of choices as syntactically distinct nodes in a monadic program, we use
Lean metaprogramming [49] to implement multi-extraction, a procedure that turns each action
into the successor function required by Goal (b). The resulting function uses type class instances to
enumerate exactly the values satisfying each choice’s predicate, and comes with a proof, assembled
automatically from reusable lemmas, that it returns exactly the successors allowed by the axiomatic
semantics (Theorem 4.1). Our library supplies multi-extraction rules for common constructs and
lawful representations for common field types, so users need proofs only for their extensions.
Finally, the search must also be verified: dropping states (e.g., due to races between parallel

workers) could hide violations. The search runs in Lean’s IOmonad so it can report progress and be
interrupted. Its workers run in parallel as native IO tasks, whose results Lean’s logic cannot relate
to the computations that produced them. We therefore make the parallel search proof-carrying: its
state and each worker’s result carry Lean proof terms establishing the search’s correctness.
We combine these components in Lace, a certified, efficient explicit-state model checker for

Veil, built entirely in Lean. That is, the verdicts of its concrete executions are consistent with the
axiomatic semantics that Veil’s symbolic checks and proofs rely on to establish safety properties.1
A case study (Sec. 2) illustrates how Lace supports Veil’s verification workflow: exhaustive

checking of finite instances builds confidence in a model before proof development and exposes an
error in a proposed optimisation. Beyond this case study, our evaluation (Sec. 6) assesses Lace’s
applicability and performance on existing TLA

+ specifications developed independently of our
work and translated into Veil. The translations further let us compare Lace with TLC in the task
they share, namely safety checking of finite instances: for every evaluated finite instance, both
tools explore the same number of distinct states, providing a consistency check on the translations.
In our performance comparison, Lace runs faster than TLC on all 20 benchmark instances at every
tested thread count (1–14). In addition, an ablation on several protocols written directly in Veil

shows that efficient field representations make Lace up to nearly two orders of magnitude faster
than the logical ones, demonstrating the practical value of lawful field representations.

Contributions. To summarise, we make the following technical contributions:
• Type class-based lawful field representations. A mechanism pairing logical state machine fields
with runtime data structures for efficient model checking, and a single lawfulness condition that
removes runtime representation details from VCs via rewrite-then-generalise (Sec. 3).
• Enumerative execution for non-determinism. A procedure that extracts successor functions from
actions by resolving their non-deterministic choices, with proofs that they enumerate exactly
the successors allowed by Veil’s axiomatic semantics (Sec. 4).
• Lace: a certified, safety-focused explicit-state model checker. A parallel breadth-first search whose

search state andworker results carry proof terms of the search’s correctness invariants, combining
the two components above into an end-to-end verified checker (Sec. 5).
• Case study and empirical evaluation. An illustrative case study (Sec. 2), and an evaluation on
protocol models translated from TLA

+, showing that Lace explores large state spaces with
performance competitive with TLC, and an ablation of field representations (Sec. 6).

2 Lace in Veil’s Verification Workflow
We illustrate Lace’s role in Veil’s verification workflow using the FloodSet synchronous consensus
protocol [41]. After describing it, we introduce the relevant features of Veil through its specification
(Sec. 2.1) and then walk through the use of Lace (Sec. 2.2). The walk-through focuses on the stage
that Lace adds to this workflow, namely exhaustive checking of finite instances, showing both

1
Lace does not yet check general temporal properties, which is an ongoing work.
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Round 1 Round 2

A

B

C ×
crash C

advanceRound

0

advanceRound

{0, 1}
{1}

{1}

{0}

{0, 1}

{1}

{0, 1}

{0, 1}

decision A 0

decision B 0

Decide
nodeDecide A

nodeDecide B

Fig. 1. Example FloodSet execution with three nodes, two values, and 𝑓 = 1. Boxes show each node’s seen
set at round boundaries. Node 𝐶 starts with the minimum value 0 but crashes during the first round after

sending only to 𝐴. Because the second round is crash-free among the surviving nodes, 𝐴’s knowledge {0, 1}
reaches 𝐵, so both live nodes decide min{0, 1} = 0.

of its outcomes: a passing check builds confidence that the model faithfully captures the original
protocol where symbolic BMC times out, while a failing check refutes a proposed optimisation
with a concrete counterexample, thus avoiding fruitless proof attempts.

The FloodSet protocol. In FloodSet, each node starts with an initial value and records the set of
values it has seen. In each round, every alive node broadcasts this set to all the other nodes; after
𝑓 + 1 rounds, where 𝑓 bounds the number of crashes, each node decides on the minimum value it
has seen. A node may crash in the middle of a round, so its values may reach only some nodes.
Despite this, the protocol guarantees agreement (all deciding nodes choose the same value) and
strong validity (the decided value is some node’s initial value). The 𝑓 + 1 rounds are what make
agreement hold: at least one of them is crash-free, and after it all surviving nodes have seen the
same values. Fig. 1 illustrates how the second, crash-free round allows the surviving nodes to reach
agreement despite a partial broadcast in the first round.

2.1 Modelling FloodSet in Veil
Fig. 2 shows the Veil specification of FloodSet, followed by the commands used in Sec. 2.2. It has
three parts: the state and its initialisation (lines 1–25), the actions (lines 27–56), and the safety
properties (lines 58–65). Several of these features are the abstractions discussed in Sec. 1: they suit
symbolic checks and proofs, but Lace needs efficient, executable counterparts for them.

State. A state consists of fields declared as individuals, relations, or functions, over uninter-
preted sorts (e.g., node and value) or concrete Lean types. Mutable fields record the protocol state,
including the values each node has seen (seen) and whether it has crashed (crashed). Immutable
fields, such as the fault bound f, form its background theory. The instantiate declaration (line 3)
assumes a total order on value, which nodeDecide uses to choose the minimum. A ghost relation,
such as crashedPreviously, is not a field itself, but abbreviates a formula over the fields (hence
“ghost”). A field is logically a relation or function, while its executable counterpart in Lace is a
runtime data structure, which Sec. 3 keeps consistent with the logical view.

Actions. Actions describe transitions imperatively as monadic programs. The state is initialised
by executing the after_init block (lines 17–25). A precondition require P (line 43) restricts the
action to states where P holds: elsewhere, the action is not enabled. A failing assert inside an
action, in contrast, raises an exception. In assignments, variables starting with a capital letter
are implicitly ∀-quantified, i.e., decision N V := false updates all entries of decision. The pick-
such-that operator let x :| P (line 29) [38] non-deterministically chooses a value satisfying the
predicate P and assigns it to x. For example, in advanceRound, it chooses a delivery relation with the
constraint that alive nodes deliver to all receivers while nodes that crashed in a previous round
deliver to none; the delivery for nodes crashed in that round is unconstrained, meaning they can
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1 type node
2 type value
3 instantiate val_ord : TotalOrder value
4
5 immutable individual f : Nat
6 individual round : Nat
7 relation seen (n : node) (v : value) : Bool
8 function initialValue : node → value
9 relation decision (n : node) (v : value) : Bool
10 function crashed (n : node) : Bool
11 function crashedInRound (n : node) : Nat
12 individual numCrashed : Nat
13
14 ghost relation crashedPreviously (n : node) :=
15 (crashed n ∧ crashedInRound n < round)
16
17 after_init {
18 round := 0
19 initialValue := *
20 seen N V := (V == initialValue N)
21 decision N V := false
22 crashed N := false
23 crashedInRound N := 0
24 numCrashed := 0
25 }
26
27 action advanceRound {
28 require round < f + 1
29 let delivery : (node → node → Bool) :|
30 (∀ (sender : node),
31 (crashedPreviously sender →
32 (∀ receiver, ¬ delivery sender receiver)) ∧
33 (¬crashed sender →
34 (∀ receiver, delivery sender receiver)))
35 -- receive according to delivery relation
36 seen N V := decide (seen N V ∨
37 (¬crashed N ∧ ∃ sender,
38 delivery sender N ∧ seen sender V))
39 round := round + 1
40 }

41 action crash (n : node) {
42 require numCrashed < f
43 require ¬crashed n
44 crashed n := true
45 crashedInRound n := round
46 numCrashed := numCrashed + 1
47 }
48
49 action nodeDecide (n : node) {
50 require round = f + 1
51 require ¬crashed n
52 require ¬(∃ v, decision n v)
53 let v :| seen n v ∧
54 (∀ v', seen n v' → val_ord.le v v')
55 decision n v := true
56 }
57
58 safety [agreement]
59 ∀ n1 n2 v1 v2,
60 decision n1 v1 ∧
61 decision n2 v2 → v1 = v2
62
63 safety [strong_validity]
64 ∀ n v, decision n v →
65 (∃ m, initialValue m = v)
66
67 sat trace {
68 any 4 actions
69 assert (∃ n1 n2 v1 v2, n1 ≠ n2 ∧
70 decision n1 v1 ∧ decision n2 v2)
71 }
72
73 unsat trace {
74 any 4 actions
75 assert ¬ (agreement ∧ strong_validity)
76 }
77
78 #model_check
79 { node := Fin 3, value := Fin 3 }
80 { f := 3 }

Fig. 2. Synchronous FloodSet consensus protocol in Veil.

deliver to any subset of nodes. Unconstrained non-deterministic assignment is indicated by := *

(line 19), here giving each node an arbitrary initial value. A choice is logically just its predicate,
while its executable counterpart must enumerate exactly the values satisfying the predicate, which
Sec. 4 guarantees with a machine-checked proof.

Properties. Safety properties are declared with the safety keyword, or equivalently invariant

(lines 58–65). The later stages of the workflow prove them through inductive invariants, while Lace
checks them on every state it explores (Sec. 5).

2.2 Checking FloodSet before Verifying It
It is common to make mistakes when modelling non-trivial protocols such as FloodSet, and it is
hard to realise immediately how the model can violate a given property. The workflow originally
presented forVeil [53] uses symbolic BMC to check that the specification admits expected executions
and to search for safety violations before attempting a proof.

When symbolic BMC is inconclusive. Following this workflow, we issue the reachability and safety
queries shown in Fig. 2 (lines 67–76). The reachability check (lines 67–71) asks the solver to find a
trace of 4 actions in which two distinct nodes have both decided; the safety check (lines 73–76)
asks it to confirm that no trace of 4 actions violates agreement or strong validity. However, for the
FloodSet protocol—with its constraints on the delivery relation and the complex quantification of



246

247

248

249

250

251

252

253

254

255

256

257

258

259

260

261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

281

282

283

284

285

286

287

288

289

290

291

292

293

294

1:6 Qiyuan Zhao, Ziyu Mao, George Pîrlea, and Ilya Sergey

the strong validity property—even these modest query depths push the SMT solver to its limits.
The safety check with a bound of just 4 actions times out after 10 minutes. The timeout leaves us
without an answer to the safety query; consequently, proceeding directly to invariant discovery
risks spending effort on a specification that may still contain a bug.

Building confidence with Lace. To gain confidence in the specification despite the BMC timeout,
we use Lace to exhaustively check a finite instance of FloodSet. Unlike symbolic BMC, Lace explicitly
enumerates the reachable states of a finite instance without bounding execution length. It either
confirms that the safety properties hold in every reachable state or returns a counterexample trace.
The #model_check command (lines 78–80) fixes such an instance by instantiating both node and
value with Fin 3, a type with three elements, and setting 𝑓 = 3. On this instance, Lace explores
all 175,869 reachable states in a few seconds on a commodity laptop and confirms that agreement
and strong validity hold. Since FloodSet is a textbook protocol, a violation would have pointed to
a mistake in the model; its absence builds confidence that the specification is faithful, at least on
this instance. With this confidence, we can continue with the model towards invariant discovery
and, eventually, a proof. The checked model also serves as a baseline for trying out changes to the
protocol, such as the optimisation we consider next.

1 action fastDecide (n : node) {
2 require round > 0
3 require ¬crashed n
4 require ¬(∃ v, decision n v)
5 require ∀ v1 v2,
6 seen n v1 ∧ seen n v2 → v1 = v2
7 let v :| seen n v ∧
8 (∀ v', seen n v' → val_ord.le v v')
9 decision n v := true
10 }

fastDecide(n = 1) choices: 1 (index: 3) ▶

advanceRound
choices:

[(0, 0), (0, 1), (0, 2),
(1, 0), (1, 1), (1, 2)]

(index: 4) ▶

nodeDecide(n = 0) choices: 0 (index: 5) ▼

crashed ↦ ▶ Array(1)

crashedInRound ↦ ▶ Array(3) of tuples

decision ↦ ▼ ( 0 , 0 )
( 1 , 1 )

initialValue ↦ ▶ Array(3) of tuples

numCrashed ↦ 1

round ↦ 2

seen ↦ ▶ Array(5) of tuples

Fig. 3. Top: fastDecide, whose shaded

guards differ from those of nodeDecide
(Fig. 2). Bottom: the counterexample (excerpt)

to agreement found by Lace after incorporat-

ing fastDecide into FloodSet.

Testing an optimisation. Suppose a designer now
wants nodes to decide earlier. Deciding after 𝑓 + 1
rounds is necessary in the worst case [41], but in runs
without crashes every node has seen all values after a
single round. This suggests letting a node decide as soon
as all values it has seen agree, as the action fastDecide

in Fig. 3 does: unlike nodeDecide, it may fire after any
round, provided that the node has seen a single value.
Whether this is correct is not known, so the designer
checks it on a small instance, with three nodes, two
values, and 𝑓 = 1, as in Fig. 1. Lace reports a violation of
agreement within a few seconds, with the trace in Fig. 3.
Each block represents a state, with a header recording
the action, its arguments, and the non-deterministic
choices that led to that state. Expanding a block reveals
the values of the state fields. The trace agrees with the
run in Fig. 1 up to the end of round 1, when 𝐵 has
seen only {1}. Instead of waiting for round 2, 𝐵 now
takes fastDecide and decides 1, while 𝐴 later decides 0,
thus violating agreement. For this 𝑓 = 1 instance, an
agreement violation requires a crash and two decisions.
Since two fastDecide actions cannot yield different de-
cisions2, at least one node must use nodeDecide after
round 2. Thus, a counterexample needs at least five ac-
tions: one crash, two round advances, and two decisions.
A depth-4 BMC query (e.g., lines 73–76 from Fig. 2)
could therefore not find it, even if it finished. Without

2Both nodes must survive round 1 before executing fastDecide, so each receives the other’s initial value, and retain both
initial values thereafter. Their seen sets can therefore both be singletons only if they contain the same value.
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the counterexample, the designer would find the flaw only through a failed proof, again unable to
tell a wrong rule from a weak invariant; but with it, the rule can be dropped at once.

One semantics across the workflow. In the two examples, we used Lace to build confidence in
the original specification and to reject a proposed optimisation. Both uses are meaningful within
Veil’s workflow only if Lace interprets the specification according to the same semantics as Veil’s
symbolic checks and proofs. Our correctness theorem (Theorem 5.1) guarantees this agreement,
and the rest of the paper shows how this is achieved without giving up performance.

3 Deriving Efficient Field Representations with Type Classes
Veil’s state fields are represented as first-order relations and functions—ideal for SMT solvers, but
prohibitively inefficient for explicit-state exploration. To solve this issue, we introduce a type-class-
based abstraction layer that decouples a state field’s logical content from its runtime representation,
and a machine-checked lawfulness condition that guarantees the abstraction layer is transparent,
in the sense of all references to it being eliminated during verification condition generation. As a
result, the model checker uses efficient concrete data structures without requiring users to adapt
their specification proofs to the chosen lawful field representations.

3.1 Relations and Functions as State Fields
As described in Sec. 2, the state of a Veil specification is organised as a collection of fields, and
in particular, relation or function symbols whose parameters and codomain may range over un-
interpreted sorts (e.g., node and value in our example). This first-order representation facilitates
symbolic model checking and verification, since it aligns well with the capabilities of SMT solvers.
States evolve via assignments to fields. Veil supports both point updates, e.g., foo a b := 42

where foo is a function of type 𝛼 → 𝛽 → Nat, and bulk updates using universally quantified variables
(variables starting with a capital letter), e.g., foo A b := foo A b + 1 increments foo a b by 1 for
all values a : 𝛼 . These bulk assignments implicitly encode loops in a compact way.

Efficiency vs symbolic amenability. The first-order representation creates problems for explicit-
state model checking. In particular, explicit-state model checkers frequently hash and compare
states—for instance, to detect already-visited states. When a field is stored as a function clo-
sure, computing its hash requires enumerating the entire domain. For relations, this means
evaluating the closure on every domain element to decide membership, even though the re-
lation’s support may be small. Functional updates compound the problem: each assignment
wraps the previous closure in a new one, building a chain whose lookup cost grows linearly
with the number of past assignments—in contrast to the 𝑂 (1) or 𝑂 (log𝑛) access that hash maps
or balanced trees provide. As an example, take the foo a b := 42 assignment. When foo is rep-
resented as a function closure, it is updated by creating a new closure that wraps the old one:
fun a' b' => if a = a' ∧ b = b' then 42 else foo a' b'. This is highly inefficient.

On the other hand, naïvely replacing closures with efficient data structures shifts the burden to
symbolic tools. All field accesses must then go through data-structure-specific APIs, and SMT solvers
cannot reduce these calls without additional axioms. For example, after executing foo a b := 42

on a hash-map-backed field, reading the updated value involves HashMap.get and HashMap.update;
unless properties like ∀ mp k v, HashMap.get k (HashMap.update mp k v) = v are supplied, the
solver cannot derive that the read returns 42. Even when such lemmas are available, they must be
manually supplied during VC generation. Prioritising the logical representation thus paralyses the
explicit-state checker, while prioritising efficient runtime paralyses the prover or burdens the user.
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1 def UpdatePat (Dom : List Type) : Type := IProd (Dom.map Option)
2 def UpdateDescr (Dom : List Type) (Cod : Type) : Type := UpdatePat Dom × CanonicalTy Dom Cod
3 class FieldRepresentation (Dom : List Type) (Cod ConcTy : Type) where
4 get : ConcTy → CanonicalTy Dom Cod
5 set : UpdateDescr Dom Cod → ConcTy → ConcTy

Fig. 4. The interface for interacting with fields and some auxiliary definitions.

3.2 An Interface for Field Representations
Our solution is the type class shown in Fig. 4. A FieldRepresentation is parameterised by a
domain Dom, a codomain Cod, and a concrete backing type ConcTy. Dom is a list of types correspond-
ing to the field’s parameter sorts. For example, the field foo : 𝛼 → 𝛽 → Nat has Dom = [𝛼, 𝛽]

and Cod = Nat. Relations have Cod fixed to Bool. The logical representation of a field, denoted as
CanonicalTy Dom Cod, is defined such that CanonicalTy [T1, · · · , T𝑛] Cod reduces to the iterated
arrow type T1 → · · · → T𝑛 → Cod. Conveniently, since Lean is based on dependent type theory,
CanonicalTy can be straightforwardly defined as a right fold over Dom. The class provides two
operations: get (line 4) converts a ConcTy value into its logical representation, after which field
values can be read by ordinary function application; set (line 5) applies an update description to a
ConcTy value and produces a new one, operating directly on the concrete backing representation.

This design separates the logical view of a field—a pure function from Dom to Cod—from its runtime
storage in ConcTy: the model checker reads values through get and writes them through set, never
touching the concrete type directly. Specific instances of FieldRepresentation then replace pure
functions and relations with efficient data structures: for example, a relation node → value → Bool

is backed by a HashSet (node × value), and a function node → Nat by a HashMap node Nat.

Update descriptions. Update descriptions are the runtime representation of Veil assignment
statements: an assignment such as seen N V := expr, where some parameters may be universally
quantified, is compiled into an update description and passed to set. Concretely, an update descrip-
tion (Fig. 4, line 2) is a pair of an update pattern and a right-hand side value. The pattern (line 1)
of type IProd (Dom.map Option) encodes the left-hand side of the assignment:3 one optional entry
per parameter—some v pins that position to the specific value v, while none means “all values”. For
seen N V := expr, both positions are none, so set updates every entry; for a single-node update
seen n V := expr, the first position is some n and only the entries for node n are touched.

Example. Suppose the field foo is backed by a HashMap, as indicated by a type class instance called
inst having type FieldRepresentation [𝛼, 𝛽] Nat HashMap. The runtime type of foo is HashMap,
while its logical representation is 𝛼 → 𝛽 → Nat. Consider an assignment foo A b := foo A b + 1.
The occurrence of foo A b on the right-hand side is interpreted via the field representation as
(inst.get foo) A b. The corresponding update pattern (up) is (none, some b) since A is universally
quantified. The resulting update description (ud) is (up, fun A b => (inst.get foo) A b + 1).
Finally, the assignment yields a new value inst.set ud foo of type HashMap.

3.3 Lawfulness of Concrete Field Representations
The FieldRepresentation interface alone does not guarantee soundness: an implementation could
adhere to the type signatures while exhibiting behaviour that diverges from the intended se-
mantics, such as, for instance, silently discarding updates. To rule this out, we require every
instance to satisfy the get_set property defined in the LawfulFieldRepresentation type class,
shown in Fig. 5 (line 3). It states that performing a concrete update and then lifting to the log-
ical level gives the same result as first lifting and then performing the corresponding logical

3In Lean, IProd [T1, · · · , T𝑛] denotes the Cartesian product T1 × · · · × T𝑛 ; IProd [] reduces to Unit.
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1 class LawfulFieldRepresentation (Dom : List Type) (Cod ConcTy : Type)
2 [inst : FieldRepresentation Dom Cod ConcTy] where
3 get_set : ∀ (conc : ConcTy) (ud : UpdateDescr Dom),
4 inst.get (inst.set ud conc) = CanonicalTy.set ud (inst.get conc)

Fig. 5. The type class stating the lawfulness constraint of field representation.

update via CanonicalTy.set. Put differently, get is a homomorphism with respect to set. Here,
CanonicalTy.set is the functional update with respect to the update description. For example,
when Dom has size 3, CanonicalTy.set ((some a, none, some c), f) g reduces to the function
fun a' b' c' => if a = a' ∧ c = c' then f a' b' c' else g a' b' c'.

Why one law suffices. Notably, the get_set law is the only requirement needed to make the field
representation transparent, eliminating it completely during verification condition (VC) gener-
ation. The key insight is that get_set can be read as a rewrite rule: any expression of the form
inst.get (inst.set upd conc) can be replaced by CanonicalTy.set upd (inst.get conc), push-
ing inst.get one layer inward and replacing the concrete inst.setwith the logical CanonicalTy.set.
Applying this rule repeatedly to an expression inst.get (inst.set (inst.set · · · )) drives inst.get
all the way to the innermost concrete value and replaces every concrete write with a logical one.
CanonicalTy.set expands into a simple conditional without any dependence on the concrete back-
ing type, so after this rewriting all inst.set calls have been eliminated and the formula mentions
the concrete backing type only through remaining inst.get reads.

Once only reads remain, we can go further. Consider any field foo : ConcTy universally quantified
in the VC (fields are universally quantified because a VC must hold for all states, not a specific one):
since inst.get foo has exactly the type CanonicalTy Dom Cod, we can replace foo with a fresh vari-
able foo' : CanonicalTy Dom Cod and drop inst.get entirely. For example, a VC P (inst.get foo)

with foo : HashMap becomes P (foo') with foo' ranging over the logical function type—exactly
the VC one would obtain without any field representation. This rewrite-then-generalise procedure
thus makes the entire field representation layer transparent to the prover.

3.4 A Library of Lawful Field Representations
We have implemented a collection of lawful field representation instances covering common
modelling scenarios. Users can select which instance to use for each field in a specification, and
the corresponding concrete backing is used automatically during model checking; if no instance is
specified, the efficient instance based on Lean’s ExtTreeMap is used.

Canonical instance. As a baseline, CanonicalTy Dom Cod admits a trivial instance where get is the
identity and set is CanonicalTy.set. This preserves the purely logical view of fields and introduces
no additional abstraction overhead. We use this instance in our ablation study (Sec. 6.3), to represent
the fallback case where no specific field representation is used.

Individuals. When Dom is empty, a field degenerates to a single value and Cod itself serves as the
backing type. The field representation instance and its lawfulness are similarly trivial.

Maps and sets. Relations and multi-argument functions are the most common field kinds in Veil,
and they are naturally backed by map-like data structures such as hash maps or sorted trees. Rather
than requiring users to re-prove a full LawfulFieldRepresentation from scratch for every such
structure, we provide a generic derivation: it suffices to instantiate two lightweight type classes
(Fig. 6), and the framework automatically promotes them to a certified field representation. MapRep is
an interface for a map with keys of type 𝛼 , values of type 𝛽 , and backing store of type 𝛾 , supporting
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class MapRep (𝛼 𝛽 𝛾 : Type) where
mapGet : 𝛾 → 𝛼 → 𝛽

mapSet : 𝛼 → 𝛽 → 𝛾 → 𝛾

class LawfulMapRep
[inst : MapRep 𝛼 𝛽 𝛾] where
map_set_get : ∀ a a' b mp,

inst.mapGet (inst.mapSet a b mp) a'
= if a = a' then b

else inst.mapGet mp a'

Fig. 6. Classes for map-like data structures,

used to derive lawful field representations.

lookup via mapGet and update via mapSet. Given a MapRep

instance, we derive a FieldRepresentation by treating
tuples of domain elements (IProd Dom) as keys and Cod

as values. The get operation is mapGet applied to the un-
curried key tuple. The set operation first computes the
footprint of an update pattern—the set of keys that the as-
signment actually touches—and then calls mapSet once for
each key in the footprint. The footprint is the Cartesian
product induced by the pattern: position 𝑖 contributes
the full set of the 𝑖-th sort when marked none, or a single-
ton whenmarked some v.4 For example, for Dom = [𝛼, 𝛽]

and pattern (none, some b), the footprint is all pairs (a, b) for every a : 𝛼 , so every row for that
fixed b is updated. To lift this to a lawful field representation, the user additionally provides a
LawfulMapRep instance, which requires only a single get-after-set law (Fig. 6). The framework then
derives LawfulFieldRepresentation automatically by iterating this law over the footprint. The same
derivation works for relation fields by fixing Cod = Bool.

Through this mechanism, we have registered common Lean structures as lawful field representa-
tions, including bit vectors, arrays, hash maps, and binary search trees. In practice, users rarely
need to choose: the ExtTreeMap instance is registered as the default for all map and relation fields,
and most specifications work well with it out of the box. Switching to a different structure is a
one-line annotation on the field declaration and requires no changes to the specification or proofs.

4 Enumerative Execution via Multi-Extraction
Sec. 3 pairs logical state fields with efficient runtime representations while preserving their logical
view for symbolic reasoning. We now address the other abstraction identified in Sec. 1: non-
deterministic choices specified by predicates. Their executable counterparts must enumerate all
admissible choices and their outcomes. In this section, we introduce multi-extraction, which turns
each Veil action into an executable computation, together with a machine-checked proof that its
enumeration is sound and complete with respect to the action’s axiomatic semantics. The resulting
successor functions are the input to the search algorithm in Sec. 5.

4.1 Mono-Extraction versus Multi-Extraction
Our work builds on the revised version of Veil [53] presented by Gladshtein et al. [18], where each
action is in the VeilM monad (Fig. 7). It is built in two layers. The inner layer, VeilExecM (line 3),
is a deterministic, executable monad: unfolding its definition, a VeilExecM computation, of type
𝜌 → 𝜎 → DivM (Except ExId 𝛼 × 𝜎), takes an immutable background theory 𝜌 and a mutable
state 𝜎 , and either diverges, raises an exception (paired with the state at failure), or returns a value
(paired with the final state). The outer layer, NonDetT (lines 4–7), adds non-determinism.5

A NonDetT value is a syntax tree: pure injects values, vis invokes effects from the inner monad,
and pickCont chooses a value of type 𝜏 satisfying the predicate p and passes it to the continuation f.
Because NonDetT is syntax, a VeilM program is not directly executable—it must be extracted into

4This requires every sort in Dom to be finite; otherwise the universal set would be infinite and the footprint uncomputable.
All sorts used in our benchmarks (Sec. 6) satisfy this condition. Fields over infinite sorts can still be represented using the
canonical instance, which stores the field as a plain Lean function and requires no finiteness.
5In the code, both VeilM and VeilExecM carry an additional mode parameter, which we elide for clarity. Compared to [18],
we swap the order of StateT and ExceptT in the monad stack, so that exceptions return the state when they are thrown.
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1 inductive Except (𝜖 𝛼 : Type) where | error (e : 𝜖) | ok (a : 𝛼)
2 inductive DivM (𝛼 : Type) where | res (x : 𝛼) | div
3 def VeilExecM (𝜌 𝜎 𝛼 : Type) := ReaderT 𝜌 (ExceptT ExId (StateT 𝜎 DivM)) 𝛼

4 inductive NonDetT (m : Type → Type) : (𝛼 : Type) → Type where
5 | pure (x : 𝛼) : NonDetT m 𝛼

6 | vis {𝛽} (x : m 𝛽) (f : 𝛽 → NonDetT m 𝛼) : NonDetT m 𝛼

7 | pickCont (𝜏 : Type) (p : 𝜏 → Prop) (f : 𝜏 → NonDetT m 𝛼) : NonDetT m 𝛼

8 def VeilM (𝜌 𝜎 𝛼 : Type) := NonDetT (VeilExecM 𝜌 𝜎) 𝛼

Fig. 7. Definitions related to VeilM. Type universe level parameters are elided for simplicity.

a concrete monad by resolving every pickCont node. In other words, we must resolve the non-
determinism by picking concrete values that satisfy each predicate, and then execute the resulting
fully-determined continuations. If no value exists to satisfy the predicate, the computation diverges.

Extraction. Prior work proposed a technique that resolves each pickCont by committing to a
single value, producing a single VeilExecM computation [18]. This technique is sound—it produces
only computations allowed by the non-deterministic semantics—but not complete. To enable model
checking of Veil specifications, we must instead enumerate all possible non-deterministic choices
and all outcomes produced by these choices, rather than committing to a single execution result.
For instance, if an action includes a non-deterministic choice like “pick an arbitrary 𝑥 such that
0 ≤ 𝑥 ≤ 100”, we would like its operational semantics to be returning the union of outcomes
corresponding to all values of 𝑥 in [0, 100], instead of the outcome associated with one specific
choice. To clarify this distinction, we refer to the previously implemented extraction [18] as mono-
extraction, and the interpretation strategy required for model checking as multi-extraction. While
mono-extraction is sound, multi-extraction must be both sound and complete: a post-state s' must
appear among the results of executing the multi-extracted action from a starting state s if and only
if s and s' are related by the transition relation induced by the action.

4.2 The Monad for Enumerative Execution
To realise the sound-and-complete multi-extraction semantics above, we need a concrete monad

whose computations return all possible outcomes at once. The key observation to construct such a
monad is that any extraction recursively maps a NonDetT m 𝛼 program into a program of type m' 𝛼 ,
where m' is another monad. Mono-extraction uses VeilExecM (Fig. 7) as m', but VeilExecM can only
return one outcome. For multi-extraction, we need a target monad that returns all outcomes at
once, and a procedure to produce programs in it. Fortunately, when m is VeilExecM, such a target
monad does exist. This monad, denoted as LaceM, equips VeilExecM with the ability to maintain
multiple execution paths simultaneously. We define it as follows:
def LaceM (𝜅 𝜌 𝜎 𝛼 : Type) := 𝜌 → 𝜎 → List (List 𝜅 × DivM (Except ExId 𝛼 × 𝜎))

The interpretation of LaceM closely mirrors that of VeilExecM: a LaceM computation takes a back-
ground theory (of type 𝜌) and an initial state (of type 𝜎), and returns a list of outcomes. Each
outcome pairs a value of type DivM (Except ExId 𝛼 × 𝜎) that represents the same three possible
results as in VeilExecM with a List 𝜅, which we call a choice log. A choice log records the sequence
of non-deterministic choices made by the computation to arrive at the corresponding outcome,
with each choice represented as a value of type 𝜅. The type 𝜅 is a parameter left abstract in LaceM;
in Lace it is instantiated to a type that encodes the witnesses resolving each pickCont node, so
that a counterexample trace can be reconstructed from the log of a failing execution. The overall
structure of LaceM—replacing a single outcome with a list of all outcomes—instantiates the classical
idea of replacing failure by a list of successes [70] in the setting of a stateful, effectful monad.
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1 instance : Monad (LaceM 𝜅 𝜌 𝜎) where
2 pure a := fun _ st => [([], DivM.res (Except.ok a, st))]
3 bind m f := fun th st => (m th st).flatMap fun (log, oc) =>
4 match oc with
5 | Div.div => [(log, DivM.div)]
6 | Div.res (Except.error e, st') => [(log, DivM.res (Except.error e, st'))]
7 | Div.res (Except.ok a , st') => (f a th st').map fun (log', oc') => (log ++ log', oc')

Fig. 8. The pure and bind operations of LaceM.

LaceM forms a monad, as in Fig. 8. The pure constructor lifts a plain value into a single-outcome,
successful computation that leaves the state unchanged and records no choice; bind sequences
computations via flatMap: diverging or erroneous outcomes propagate unchanged, while each
successful outcome feeds its result and intermediate state to the continuation, concatenating the
choice logs. In effect, LaceM extends VeilExecM with two capabilities realised by List: executable
non-determinism (multiple outcomes) and a writer effect (accumulating choice logs).

4.3 Multi-Extraction Made Single-Pass and Modular
With LaceM established as the target monad, it remains to show how to systematically transform
VeilM programs into LaceM programs; our starting point is mono-extraction, shown in Fig. 9.

4.3.1 Two-pass mono-extraction. Mono-extraction cannot serve as multi-extraction for two inde-
pendent reasons. First, and fundamentally, it resolves each pickCont node to one witness value,
producing a single outcome; to enumerate all reachable states we need it to resolve each choice
to all satisfying values. Second, its two-pass design introduces performance problems that make
it impractical for model checking even setting aside completeness. We describe both problems in
turn, then show how our single-pass multi-extraction design addresses them together.
Mono-extraction operates in two passes. In the first pass, a meta-level tactic constructs a value

of the inductive type Extract (lines 1–13) from the input NonDetT program. Extract mirrors the
structure of NonDetT, but pairs every pickCont node with a witness that resolves the predicate p.
The witness type is a parameter; for mono-extraction, it is instantiated to SingleChoice (lines 14–
16), which supplies an Option value together with a soundness proof. Since the original NonDetT
term carries no witnesses, the tactic resolves them via Lean’s type class instance inference during
elaboration. In the second pass, the recursive function monoExtract (lines 17–26) traverses the
Extract structure and produces a computation in the target monad m: it threads through pure and

1 inductive Extract {m}
2 {Witness :
3 {𝜏 : Type} → (p : 𝜏 → Prop) → Type}
4 : {𝛼} → NonDetT m 𝛼 → Type where
5 | pure (x : 𝛼) : Extract (NonDetT.pure x)
6 | vis (x : m 𝛽) (f : 𝛽 → NonDetT m 𝛼)
7 (ex : (y : 𝛽) → Extract (f y)) :
8 Extract (NonDetT.vis x f)
9 | pickCont (𝜏) (p : 𝜏 → Prop)
10 (f : 𝜏 → NonDetT m 𝛼)
11 (w : Witness 𝜏 p)
12 (ex : (t : 𝜏) → Extract (f t)) :
13 Extract (NonDetT.pickCont 𝜏 p f)

14 class SingleChoice {𝜏} (p : 𝜏 → Prop) where
15 val : Option 𝜏

16 sound : ∀ v, val = some v → p v
17 def monoExtract (s : NonDetT m 𝛼)
18 (ex : Extract (Witness := SingleChoice) s)
19 : m 𝛼 := match ex with
20 | Extract.pure a => pure a
21 | Extract.vis x f ex => bind x fun y =>
22 monoExtract (f y) (ex y)
23 | Extract.pickCont 𝜏 p f w ex =>
24 match w.val with
25 | some v => monoExtract (f v) (ex v)
26 | none => ⊥

Fig. 9. Implementation of mono-extraction [18]. Here ⊥ denotes a m 𝛼 value that represents divergence. For

m being VeilExecM, ⊥ is fun _ _ => DivM.div.
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vis nodes directly, and at each pickCont node, it inspects the witness to determine whether a value
was chosen (the some case) or not (the none case, which produces divergence).

def NonDetT.bind
(x : NonDetT m 𝛼)
(f : 𝛼 → NonDetT m 𝛽)
: NonDetT m 𝛽 :=
match x with
| NonDetT.pure a => f a
| NonDetT.vis x f' =>
NonDetT.vis x fun y =>

NonDetT.bind (f' y) f
| NonDetT.pickCont 𝜏 p f' =>
NonDetT.pickCont 𝜏 p fun t =>

NonDetT.bind (f' t) f

Fig. 10. Definition of NonDetT.bind

This design, however, incurs runtime costs that are difficult
to eliminate, making it unsuitable for model checking. First,
executing large Extract terms leads to excessive closure alloca-
tion at runtime, which was severe enough to crash both Lean’s
interpreter and their compiled binaries.6 Second, it is difficult
to partially evaluate monoExtract on a given Extract value, so
as to eliminate the Extract layer and produce a direct com-
putation in m. To see why, we note that NonDetT, as a monad
transformer, supports a bind operation shown in Fig. 10, which
recurses down the structure of its first NonDetT argument until
it reaches a leaf (NonDetT.pure) node, where it applies the con-
tinuation f. As mentioned above, a NonDetT.bind in the source
program is mapped to a similar recursive function Extract.bind. Partially evaluating monoExtract

over such a term would require unfolding these recursive definitions, which is difficult to control.

4.3.2 Multi-extraction made single-pass. Our design collapses the two passes into one by bypassing
the intermediate Extract structure and producing a LaceM value directly.

The extraction relation. To definewhat a valid extraction is, we introduce the inductive proposition
ExtractsTo, shown in Fig. 11, which relates a source VeilM program to its extracted LaceM counterpart.
Its constructors specify, for each syntactic form of VeilM, what the extracted program must look
like. The pure case is the same as mono-extraction. The vis case (lines 27–30) specifies that
the LaceM counterpart of NonDetT.vis x f is a bind, where x is lifted into a singleton-outcome
computation with an empty choice log by liftEffect (lines 12–14), and the continuation f' is the
pointwise extraction of f. The pickCont case (lines 31–36) specifies that the LaceM counterpart of
NonDetT.pickCont 𝜏 p f is pickAll p f', where f' is again the pointwise extraction of f.
Enumerating all choices. The key challenge at a pickCont node is to produce one outcome per

satisfying value of the predicate p, while recording each choice in the log so that a failing trace can
later be reconstructed. The helper pickAll (lines 15–21) relies on two type classes: MultiChoices
(lines 1–4) and ChoiceLog (lines 5–6). MultiChoices 𝜅 p provides a list vals of all values satisfying
p, a proof that vals is sound and complete with respect to p, and a function toLogEntry that
converts each chosen value into a log entry of type 𝜅. Since model checking operates over finite
instances, requiring a sound and complete enumeration is not overly restrictive. ChoiceLog 𝜅 m

provides an operation addEntry that records a log entry in the underlying monad; its LaceM instance
implements addEntry k analogously to pure (), except that its choice log is the singleton [k], with
log concatenation handled by bind. The function pickAll combines these: it iterates over vals,
records each choice via addEntry, and concatenates the results using flatMap.

A multi-extraction result for a given VeilM term s is bundled as a MultiExtractResult (lines 37–
39), pairing a LaceM value res with a proof that ExtractsTo s res holds. The top-level extraction
function (lines 40–42) simply returns h.res, where h is a MultiExtractResult that Lean synthesises
automatically using the multi_extract tactic (described below).

4.3.3 Multi-extraction made modular. Once we prove that ExtractsTo s s' holds for a certain s,
s' pair, we can package this theorem as a new MultiExtractResult entry. As an example, consider
the monadic bind operation on VeilM (i.e., NonDetT.bind from Fig. 10). Concretely, the theorem
ExtractsTo.bind in Fig. 12 states that if s extracts to s' and f extracts pointwise to f', then
6This was a bug in Lean, which we reported and which has been confirmed and fixed. We omit the reference for anonymity.
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1 class MultiChoices {𝜏} (𝜅 p) where
2 vals : List 𝜏

3 toLogEntry : 𝜏 → 𝜅

4 sound_complete : ∀ v, v ∈ vals ↔ p v
5 class ChoiceLog (𝜅 m) where
6 addEntry : 𝜅 → m Unit
7 instance : ChoiceLog 𝜅

8 (LaceM 𝜅 𝜌 𝜎) where
9 addEntry k := fun th st =>
10 [([k], DivM.res (Except.ok (), st))]
11
12 def liftEffect (x : VeilExecM 𝜌 𝜎 𝛼)
13 : LaceM 𝜅 𝜌 𝜎 𝛼 :=
14 fun th st => [([], x th st)]
15 def pickAll (p) [mc : MultiChoices 𝜅 p]
16 [cl : ChoiceLog 𝜅 (LaceM 𝜅 𝜌 𝜎)]
17 (f' : 𝜏 → LaceM 𝜅 𝜌 𝜎 𝛼)
18 : LaceM 𝜅 𝜌 𝜎 𝛼 :=
19 fun th st => mc.vals.flatMap fun t =>
20 let logAct := cl.addEntry (mc.toLogEntry t)
21 (bind logAct fun _ => f' t) th st

22 inductive ExtractsTo {𝜅 𝜌 𝜎}
23 : {𝛼} → VeilM 𝜌 𝜎 𝛼 →
24 LaceM 𝜅 𝜌 𝜎 𝛼 → Prop where
25 | pure :
26 ExtractsTo (NonDetT.pure x) (pure x)
27 | vis (x f f') :
28 (∀ y, ExtractsTo (f y) (f' y)) →
29 ExtractsTo (NonDetT.vis x f)
30 (bind (liftEffect x) f')
31 | pickCont (𝜏 p f f')
32 [MultiChoices p]
33 [ChoiceLog 𝜅 (LaceM 𝜅 𝜌 𝜎)] :
34 (∀ t, ExtractsTo (f t) (f' t)) →
35 ExtractsTo (NonDetT.pickCont 𝜏 p f)
36 (pickAll p f')
37 structure MultiExtractResult (𝜅 s) where
38 res : LaceM 𝜅 𝜌 𝜎 𝛼

39 proof : ExtractsTo s res
40 def multiExtract (s : VeilM 𝜌 𝜎 𝛼) (h :
41 MultiExtractResult 𝜅 s := by multi_extract)
42 : LaceM 𝜅 𝜌 𝜎 𝛼 := h.res

Fig. 11. Multi-extraction. Unqualified pure and bind refer to the Monad instance of LaceM (cf. Fig. 8).

NonDetT.bind s f extracts to LaceM.bind s' f'. The proof proceeds by induction on hs, which is
straightforward since ExtractsTo is inductively defined. This theorem can then be packaged into
a MultiExtractResult for bind, as the one in Fig. 12 demonstrates, which can in turn be applied
elsewhere. The same pattern, namely proving an ExtractsTo theorem and then packaging it, applies
to any composite construct, thereby enabling modular multi-extraction. For example, to extract a
bind expression, it is not necessary to reduce it to a normal form; instead, it suffices to extract the
two operands independently and compose the results with MultiExtractResult.bind.

theorem ExtractsTo.bind {s : VeilM 𝜌 𝜎 𝛼}
{s' : LaceM 𝜅 𝜌 𝜎 𝛼}
{f : 𝛼 → VeilM 𝜌 𝜎 𝛽}
{f' : 𝛼 → LaceM 𝜅 𝜌 𝜎 𝛽}
(hs : ExtractsTo s s')
(hf : ∀ x, ExtractsTo (f x) (f' x))
: ExtractsTo (NonDetT.bind s f) (bind s' f')

def MultiExtractResult.bind
(hs : MultiExtractResult 𝜅 s)
(hf : ∀ x, MultiExtractResult 𝜅 (f x))
: MultiExtractResult 𝜅 (NonDetT.bind s f) :=
res := bind hs.val fun x => (hf x).val
proof := (ExtractsTo.bind hs.proof

(fun x => (hf x).proof)).proof

Fig. 12. Modular multi-extraction for NonDetT.bind.

The multi_extract tactic automates the
construction of MultiExtractResult terms. It
maintains a database of MultiExtractResult

entries—initially just those for the three
constructors of ExtractsTo—and works like
a top-down proof search: given a goal
MultiExtractResult s, it matches the outer-
most constructor of s against the database,
applies the matching entry, and recurses on
the resulting subgoals. Users can register their
own entries to handle domain-specific con-
structs or to cache results for sub-programs
shared across multiple actions. Together, the
inductive relation ExtractsTo, the certified
combinator MultiExtractResult.bind, and the
multi_extract tactic give a modular extraction pipeline: large programs are extracted by composing
independently certified pieces, with no global traversal and no trust placed in the tactic—correctness
is guaranteed by the proof carried in each MultiExtractResult.

4.3.4 Post-extraction simplification. The modular approach described above implies that the LaceM

value returned by multiExtract may not yet be fully explicit: it can still contain references to
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the res fields of intermediate MultiExtractResult terms. However, each such reference should
be either a concrete LaceM expression (from the constructors of ExtractsTo) or a composition of
sub-results. Therefore, unfolding all these definitions should yield a fully expanded LaceM term
with no residual abstractions. To perform this unfolding in a controlled manner, we annotate every
MultiExtractResult definition in the database with a custom simp attribute multiExtractSimp. After
the multi_extract tactic produces a MultiExtractResult, we invoke Lean’s simplifier restricted to
this attribute, simplifying all intermediate definitions to obtain a fully explicit LaceM computation.
4.4 Soundness and Completeness of Multi-Extraction
The proof carried by MultiExtractResult formally guarantees that the extracted result preserves
the semantics from the source VeilM term. Concretely, we have the following theorem:

Theorem 4.1. Let act be a VeilM action and let act' be a LaceM computation such that the Lean
relation ExtractsTo act act' holds. Then for any background theory th and initial state st:
(1) (Normal state transitions.) A final state st' appears among the outcomes of act' th st if and

only if st and st' are related by the two-state transition relation induced by act.
(2) (Exceptions.) An exception identifier e appears among the outcomes of act' th st if and only if the

triple describing that “starting from th and st, e can be triggered under angelic non-determinism”
holds true under the total correctness semantics [18].

Both properties have been proved by induction on ExtractsTo. Together, they establish that the
outcomes of a multi-extracted LaceM computation are exactly the states reachable by the original
VeilM action, giving a Lean proof that applying multiExtract to each action computes exactly its
successor states—the formal justification on which the model-checking algorithm is built.
5 Proof-Carrying Explicit-State Model Checking
Lean’s logical core is designed for reasoning about pure, total functions: propositions and proofs
inhabit a fragment without effects such as I/O or non-termination. As a practical programming
language, however, Lean also provides a full IOmonad for effectful code and a task-parallel runtime.
A practical model checker needs both: it must report progress, measure elapsed time, handle user
interruption, and exploit parallelism for large state spaces. Embedding the search loop in IO creates
a verification tension: the IO primitives it relies on, such as IO.asTask for spawning parallel workers,
are implemented natively and are opaque to Lean’s logic. Once a worker is spawned, the logic
cannot relate the result it returns to the computation that produced it, so the standard extrinsic
approach—proving correctness as separate theorems after the fact—cannot establish any property
of that result. In this section, we outline the parallel search algorithm of Lace, and describe how we
verify its correctness despite the IO barrier by adopting a proof-carrying design [46]: the runtime
search context and the return types of effectful functions carry Lean proof terms as first-class fields,
so invariants are established by construction rather than proved after the fact.7

5.1 Parallel Search Algorithm
To explore large state spaces efficiently, Lace uses a parallel level-synchronised breadth-first search
(BFS) following the MapReduce paradigm [8], as shown in Algorithm 1. The search maintains a
search context S consisting of the seen set of all states discovered so far, the frontier F of discovered
states that have not yet been expanded (i.e., had their successors computed), a log mapping each
discovered state to its predecessor, from which counterexample traces are reconstructed, and the
termination status. To save memory, the seen set and the log store fingerprints of states (typically
7In an extrinsic approach, data structures carry only data, and correctness properties are stated and proved as separate
theorems about the functions that manipulate them. In the intrinsic approach, invariants are embedded directly in the fields
of the data structures, so any function that constructs or modifies a value must discharge them by construction.
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Algorithm 1 ParallelBFS(C, Tsys): Parallel level-synchronised breadth-first search

1: Input: Transition system Tsys and search configuration C
2: Output: Search result S
3: S ← Initialize(Tsys)
4: while ¬S.hasFinished do
5: F ← S.frontier ⊲ Discovered states not yet expanded
6: if F = ∅ then
7: S ← {S with hasFinished := true}
8: return S ⊲ All reachable states explored
9: 𝑘 ← if |F | < C.threshold then 1 else C.nTasks ⊲ Adaptive parallelism
10: F1, . . . , F𝑘 ← SplitList(𝑘, F )
11: for all 𝑖 ∈ {1, . . . , 𝑘} in parallel do ⊲ Map step
12: L𝑖 ← ProcessChunk(Tsys, F𝑖 , S.seen)
13: S ← MergeAndReduce(S, L1, . . . ,L𝑘 ) ⊲ Parallel reduce step
14: return S

fixed-size hashes, as in TLC) rather than the states themselves. The depth of a state is its distance
from the initial states. Each iteration expands all states of one depth, so at the start of iteration 𝑑 the
frontier consists exactly of the states at depth 𝑑 (hence level-synchronised). If F is smaller than a
configurable threshold, the workload is processed by a single worker (𝑘 = 1); otherwise, SplitList
partitions it into 𝑘 chunks F1, . . . , F𝑘 . In the map step, threads concurrently expand the states in
their chunks and check safety properties, using the seen set to skip post-states discovered in earlier
iterations. Note that different threads might discover the same post-state. The MergeAndReduce
step aggregates the per-thread results L𝑖 into S. Concretely, it de-duplicates post-states discovered
by the threads (a sequential operation) to obtain the frontier for the next iteration, and adds them to
the seen set (a parallel operation: the seen set is split by fingerprint into C.nTasks separate shards,
which can be updated in parallel).

This level-synchronised BFS design has two appealing properties. First, the map step is em-
barrassingly parallel: each thread operates on a disjoint chunk of the frontier and requires no
coordination. Second, every reported counterexample trace has minimal length, since states are
discovered depth by depth. An alternative is depth-first search (DFS), which can find counterex-
amples far from the initial states sooner; however, it yields longer traces, and its search order is
inherently sequential [55], leaving no natural synchronisation point for parallel workers. We chose
level-synchronised BFS as the simplest design that is both practically effective and amenable to
intrinsic verification: the synchronisation barrier between iterations provides a single point at
which the global invariant must hold, making the correctness argument inductive over iterations.

5.2 Intrinsic Verification of Effectful Code
The property we want to establish is that ParallelBFS is both sound—every state it explores
is reachable—and complete—every reachable state is eventually explored. We reduce both to an
inductive invariant𝜓 of the search context, which holds for the initial context and is preserved by
every iteration. Soundness is one of its conjuncts: every frontier state is reachable. Since safety
properties are checked on frontier states as they are expanded, every reported violation is a true
violation. Another conjunct states that every expanded state has all its successors in the seen
set; once the frontier is empty, this makes the seen set closed under successors, which yields
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F1

F2

F3

S
𝑔

{𝜓 (S) } 𝑔 (S) {𝜃 (F𝑖 ) }

L1

L2

L3

𝑤 (F𝑖 ) : m T′𝑖
T′𝑖 := {𝑒 : TL // 𝜙 (S, F𝑖 , 𝑒 ) }

𝑤

S′
𝑀 : (S : T) →∏

𝑖 T
′
𝑖 → T

{𝜓 (S) ∧∧𝑖 𝜙𝑖 (L𝑖 ) }
𝑀 (S, L1, . . .) {𝜓 (S′ ) }

➊
➋

➌

ParallelBFS(S, Tsys): IO T

Fig. 13. Intrinsic proof outline for one iteration of ParallelBFS with 3 threads. The search contexts S and S′
before and after the iteration have type T; F𝑖 are the chunks of the frontier of S, and L𝑖 are the workers’

results.𝜓 is the conjunction of the invariants from which Theorem 5.1 follows, 𝜃 is the local precondition of

the workers, and 𝜙𝑖 abbreviates 𝜙 (S, F𝑖 , ·). Since 𝜙𝑖 refers to S and F𝑖 , each result type T′𝑖 depends on them,

and𝑀 takes S as an input (dashed arrow).

completeness. The difficulty is that the loop obtains each worker’s result through IO.asTask, so we
cannot show extrinsically that an iteration preserves𝜓 .

Our approach has two ingredients. The first is to embed proof obligations directly into the search
context S as structure fields: S combines the runtime data described above with proof terms that
certify𝜓 . Because these proofs are ordinary Lean fields, the type checker forces every function that
constructs or modifies S to discharge them at the call site, making it impossible to silently break
an invariant. The second ingredient handles functions that run inside IO: when such a function
returns a value of type B that we cannot observe from the logic, we make its return type the Lean
subtype {𝑒 : B // 𝜙 (𝑒)}, where 𝜙 may mention the function’s arguments, so any returned value is
paired with a proof of 𝜙 irrespective of the monadic wrapper. Fig. 13 shows how these ingredients
interact across one BFS iteration. ➊ At the start of the map step, a splitting function 𝑔 (SplitList in
Algorithm 1) partitions the frontier ofS into chunksF𝑖 , with a proof, derived from𝜓 , that each chunk
satisfies the local precondition 𝜃 of the workers: {𝜓 (S) } 𝑔 (S) {𝜃 (F𝑖 ) }. ➋ Each thread runs a monadic
function𝑤 (ProcessChunk) on its chunk, assuming 𝜃 (F𝑖 ). The return type T′𝑖 is a subtype carrying
𝜙𝑖 (𝑒) = 𝜙 (S, F𝑖 , 𝑒), which refers to the seen set of S and to the chunk, so T′𝑖 is a dependent type and
differs from thread to thread, and the result is certified independently of the monad. ➌ The reduce
step merges the local results into S via a pure function𝑀 (MergeAndReduce). Since𝑀 constructs
a new search context, the first ingredient requires it to re-establish 𝜓 , which it does from 𝜓 (S)
together with the 𝜙𝑖 that each L𝑖 carries in its type: {𝜓 (S) ∧∧𝑖 𝜙𝑖 (L𝑖 ) } 𝑀 (S, L1, . . .) {𝜓 (S′ ) }.

Concretely, ProcessChunk runs in IO and returns a local result L𝑖 whose type carries 𝜙𝑖 . Beyond
what𝜓 (S) already guarantees, 𝜙𝑖 records in particular that every successor of a state in F𝑖 is either
already seen or discovered by L𝑖 : exactly what𝑀 needs to re-establish the conjunct of𝜓 that yields
completeness. This proof is discharged when the return value is built, so the reduce step can use 𝜙𝑖
directly: it is a claim about the returned value only, so IO cannot invalidate it.

Together, these steps let us verify each component independently and compose the proofs into
a correctness argument for a program that runs in IO, even though every worker’s result passes
through the opaque IO.asTask. Combined with Theorem 4.1, which certifies that multi-extraction
computes exactly the set of successor states, and the lawfulness conditions on the concrete field
representations (Sec. 3), this delivers the following end-to-end guarantee:
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Theorem 5.1 (Correctness of Lace). The correctness of Lace consists of:
• Soundness. Every state explored by Lace is reachable in the transition system induced by the Veil
specification. Any property violation reported is therefore a true violation.
• Completeness. If no two distinct reachable states share a fingerprint, then whenever Lace terminates
because the frontier is empty, rather than stopping early (e.g., on user interruption, on finding a
violation, or on reaching the user-configured depth bound), every reachable state in the transition
system has been explored.

Put differently, whenever the premises of completeness hold, Lace explores a state if and only if
that state is reachable under the transition relation induced by the Veil specification (Sec. 4.1).

Fingerprints and hash collisions. The fingerprint function is supplied through a type class and
defaults to a hash of the state. Soundness holds for any fingerprint function: every explored state is
an initial state or a successor of an explored state, deduplication can only discard states, and every
reported counterexample trace is recovered from the log and then re-executed against the transition
system. Completeness needs the fingerprint function to be injective only on reachable states: if
two of them collide, the one discovered later is pruned, together with any states reachable only
through it. A collision can thus make Lace miss a violation but never report a spurious one—the
same trade-off as TLC’s fingerprinting [75]. A fingerprint function that keeps the whole state meets
this requirement at the cost of memory.

6 Evaluation
The preceding sections establish Lace’s semantic guarantees. We now evaluate its practicality and
performance for exhaustive safety checking of finite instances within Veil. We use existing TLA+
specifications as benchmarks developed independently of our work. Translating these specifications
into Veil lets us assess the range of models that Lace can check and compare its performance with
TLC [75], a well-established explicit-state model checker for TLA+, on the same task of exhaustive
safety checking. We also use protocols written directly in Veil to measure the performance benefits
of concrete field representations. Specifically, we address the following research questions:
RQ1: Can Lace exhaustively check finite instances of protocol models written independently of

this work, and what must users supply to do so?
RQ2: How does Lace’s performance compare with that of TLC on the same finite instances?
RQ3: To what extent do concrete field representations improve the performance of explicit-state

model checking, compared to the logical ones?
All experiments described in this section were conducted using a commodity laptop: MacBook Pro
with an Apple M4 Pro chip and 24GB of RAM, running macOS 26.5.2. Lace used Lean v4.32.0. We
used TLC at Git revision 8f4bc8b8 running on Java SE 17 with a fixed heap size of 20 GB (-Xms20G
-Xmx20G) and the enabled parallel garbage collector (-XX:+UseParallelGC).

6.1 RQ1: Applicability and User Requirements
We translated 28 TLA+ specifications written independently of this work into Veil. As summarised
in Tab. 1, they cover concurrent algorithms, storage systems, and distributed protocols, together
with smaller transition-system examples. The suite includes both models used to check safety
properties and models with known violations. The table also lists RingFin and FloodSet, which we
implemented directly in Veil; these are separate from the translated models.

8https://github.com/tlaplus/tlaplus/commit/8f4bc8b73ad1202774a6bf70143436f8ba50aab0, dated 25 September 2026.

https://github.com/tlaplus/tlaplus/commit/8f4bc8b73ad1202774a6bf70143436f8ba50aab0
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Table 1. Statistics for the benchmark cases translated from TLA
+
. From the perspective of the application

domain, we divide them into four categories. For each case, we provide its description, the sizes of the TLA
+

and Veil models respectively, along with their ratio. To highlight the specific Veil features utilised in each

model, we indicate the presence of four distinct constructs: Set for sets and multisets, TM for termination

conditions, BI for built-in Lean syntax, and ND for non-deterministic choices. The symbol q indicates models

designed specifically to illustrate known design bugs.

# Domain Name Description Size (LOC) Ratio Constructs Bug
TLA

+
Veil Set TM BI ND

1

Concurrent
Algorithm

Bakery Lamport’s bakery mutual exclusion for 𝑛 processes [36] 174 161 0.93 ✓

2 Mutex Mutex used in modern Rust OS kernel [64] 205 150 0.73 ✓ ✓ q
3 Peterson Peterson’s 2-process lock algorithm [51] 72 57 0.79
4 FileLease DFINITY’s lease via atomic file operations [43] 213 141 0.66 ✓ ✓ ✓ ✓

5 TicketSem MongoDB’s ordered ticket semaphore with resizing [15] 142 105 0.74 ✓ ✓ ✓ ✓

6

Storage

KeyValueStore Key-value store with snapshot transactions [24] 86 78 0.91
7 KVSnap Key-value store with snapshot isolation [9] 100 131 1.31 ✓ ✓ ✓ ✓ q
8 German German’s cache coherence protocol [54] 176 141 0.80
9 Cosmos Azure Cosmos DB model for 5 consistency levels [23] 165 213 1.29 ✓ ✓ q
10 LeaderlessLog Leaderless log with concurrent appends and compaction [22] 280 188 0.67 ✓ ✓ ✓

11 Oswald Write-ahead log on object storage with GC [69] 235 179 0.76 ✓ ✓ ✓

12 Percolator Percolator transactions with snapshot isolation [50, 52] 284 183 0.64 ✓ ✓ ✓

13 ParCommits CockroachDB’s parallel commits and recovery [68] 657 269 0.41 ✓ ✓ ✓

14

Transition
Systems

RiverCrossing River crossing puzzle 45 65 1.44 q
15 Prisoners Prisoners puzzle 66 42 0.64
16 Room Hotel room key-card access control [26] 64 87 1.36 ✓ ✓

17 DieHard Die Hard water jugs puzzle [37] 31 43 1.39 q
18 AWSDNS AWS outage DNS race condition [10] 84 62 0.74 ✓ q
19 SimpAllocator Simple resource allocator with mutual exclusion 63 45 0.71 ✓ ✓ ✓

20

Distributed
Algorithm

2PC Two-phase commit with a transaction manager [20] 66 63 0.95
21 bcastByz Broadcast distributed algorithm with Byzantine faults [61] 91 84 0.92 ✓ ✓ ✓

22 EWD840 Dijkstra’s token-ring termination detection [13] 68 61 0.90 ✓ ✓ ✓

23 Paxos Paxos consensus for 𝑛-acceptors with crash faults [33] 98 125 1.28 ✓ ✓ ✓

24 MultiPaxos Multi-slot Paxos consensus [32] 66 158 2.39 ✓ ✓ ✓

25 NOPaxos Network-ordered consensus with gap commits [39] 426 480 1.13 ✓ ✓ ✓

26 PAStatic Neon’s WAL consensus with static membership [59] 253 165 0.65 ✓ ✓ ✓

27 LeaseGuard Raft leader leases for consistent local reads [6, 7] 224 182 0.81 ✓ ✓ ✓

28 TaskClaiming Task claiming with ephemeral locks and retries [21] 176 126 0.72 ✓

29 RingFin Token ring leader election [48] N/A 42 – ✓

30 FloodSet FloodSet consensus algorithm [41] N/A 68 – ✓

Model translation. Common TLA
+ data constructs can be directly mapped to Lean’s library types.

For instance, TLA+ records can be encoded using Lean’s structures, and TLA
+ sequences can be

represented using Lean’s List type. Therefore, all functions of List (List.append, List.filter, etc)
can be used in Veil specifications. Veil relations and functions can also be defined over these concrete
Lean types. For supported concrete data types, we provide derive handlers that automatically
generate instances such as Hashable for state hashing. To support set and multiset declarations
over uninterpreted sorts, we also provide type classes like TSet and TMultiSet, which can be used
to instantiate uninterpreted sets and multisets supplied with suitable theories.
In TLA

+, an initial-state predicate Init specifies the allowed starting states, while a next-state
relation Next describes the possible transitions. The latter is typically a disjunction \/ of actions, and
an action is typically a conjunction /\ of formulas, where each conjunct describes either the guard
condition or the variable updates. We translate Init into an after_init block and the component
actions of Next into Veil actions. Guards are typically translated into require preconditions in Veil.
In TLA

+, variable updates are commonly expressed by equations such as x' = e, where unprimed
variables denote current-state values and primed variables denote next-state values. We encode
these updates as imperative assignments, preserving the simultaneous nature of the updates.
Variables listed in UNCHANGED are left unassigned in the corresponding Veil action. Action-level
non-deterministic choice in TLA

+ is modelled using the existential quantifier \E with constraints,
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1 Phase1a(b) ==
2 /\ \E m \IN msgs :

3 (m.type = "1a") /\ (m.bal = b)
4 /\ Send([type ↦→ "1a", bal ↦→ b])
5 (* unchanged variables *)
6 /\ UNCHANGED <<maxVBal, maxBal, maxVal>>
7
8 Phase1b(a) ==
9 \E m \IN msgs :

10 /\ m.type = "1a" /\ m.bal > maxBal[a]
11 /\ Send([type ↦→ "1b",
12 bal ↦→ m.bal, maxVBal ↦→ maxVBal[a],
13 maxVal ↦→ maxVal[a], acc ↦→ a])
14 /\ maxBal’ = [maxBal EXCEPT![a] = m.bal]
15 (* unchanged variables *)
16 /\ UNCHANGED <<maxVBal, maxVal>>

(a) TLA
+
model of Paxos’ Phase1a and Phase1b.

1 action Phase1a (b : BallotTy maxBallot) {
2 require b ≠ noBallot
3 require � msg : { m // m ∈ msgs},

4 (match msg.val with

5 | .phase1a bal => bal == b

6 | _ => false) = true
7 Send (.phase1a b)
8 }
9
10 action Phase1b (a : acceptor) {
11 let m : { m // m ∈ msgs } : |
12 (match m.val with

13 | .phase1a bal => bal > maxBal a

14 | _ => false) = true
15 let b := m.val.ballot
16 Send (.phase1b a b (maxVBal a) (maxVal a))
17 maxBal a := b
18 }

(b) Translation to Veil specification.

Fig. 14. Comparison of TLA
+
and Veil specifications.

which maps directly to the non-deterministic pick operator :| in Veil. The bounding set S can be
encoded as a subtype, with additional constraints on the chosen value supplied after the operator,
as illustrated by the Phase1b action in Fig. 14.
We translate the checked invariants into Veil’s safety or invariant declarations. For deadlock

checking, we extend Veil’s syntax with a termination keyword to allow users to specify termination
conditions. Lace reports a deadlock when a state has no successors and does not satisfy the specified
termination condition.

An illustrative example. Fig. 14 illustrates the translation of two Paxos actions, Phase1a and
Phase1b, highlighting the distinction between guards and non-deterministic choices. In the TLA+
specification Fig. 14a, both actions (transitions) use the same existential quantification \E m \IN msgs

(lines 2–3 and lines 9–10), but they are for totally different purposes: in Phase1a, it serves as a
guard condition that checks whether a certain type message has already been received, while
in Phase1b it performs a non-deterministic choice over the set of messages. In Veil specification
Fig. 14b, this distinction is made syntactically explicit. The guard in Phase1a is translated into a
require precondition (lines 3–6 in Fig. 14b), whereas the non-deterministic choice in Phase1b is
translated into a let statement with selection operator :| (lines 11–14 in Fig. 14b). Besides, the
function update maxBal' = [maxBal EXCEPT ![a] = m.bal] in TLA+ (line 14 in Fig. 14a) is simplified
to a direct assignment maxBal a := b (line 17 in Fig. 14b), also eliminating the need for explicit
UNCHANGED frame conditions as in TLA

+.

Library support and user requirements. All evaluated models are supported by the supplied
extraction rules and lawful field representations. No additional model-specific extraction rules or
lawfulness proofs were required. Users extending the library must, however, provide instances
and lawfulness proofs for new field representations, or extraction rules and correctness proofs for
unsupported language constructs.

Checking outcomes and translation consistency. We run the translated models and their TLA+
counterparts under corresponding finite configurations, aligning the checked properties and dead-
lock settings. Distinct-state counts matched whenever both tools completed exhaustive exploration,
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Fig. 15. Wall-clock time comparison of Lace and TLC on 20 benchmark instances using 1–14 worker threads.

Each panel plots time in seconds on a logarithmic vertical axis: Lace is shown in blue (▲), and TLC in red

(■). Solid and dashed double-headed arrows mark the thread counts yielding the minimum and maximum

speedup of Lace over TLC, respectively, where speedup is defined as 𝑇TLC/𝑇Lace. The corresponding ratios

appear in the upper-right corner of each panel. The annotations d, #s, and #ds denote the search depth, total

number of generated states, and number of distinct states, respectively.

and both tools reported an invariant violation on every evaluated instance with known violations.
These results thus provide empirical evidence supporting the consistency of the translations.

6.2 RQ2: A Comparative Performance Evaluation of Lace and TLC
Fig. 15 compares the wall-clock execution time of Lace and TLC across thread counts from 1 to 14
on 20 representative benchmarks from Tab. 1. Overall, Lace outperforms TLC on all 20 benchmarks
at every thread count. Nevertheless, the figure reveals several noteworthy overall trends, which we
examine in turn below.

From one to two threads. Across all benchmarks shown in Fig. 15, Lace achieves its maximal
speedup against TLC on a single thread. Moreover, on many benchmarks, increasing the thread
count from one to two actually increases Lace’s execution time. This pattern may be partly explained
by the different data structures used in its sequential and parallel searches. The sequential search
keeps the seen set and the log in a single array-based hash table, which it updates in place. In the
parallel search, the seen set is shared by all workers, and Lean marks objects shared with a task as
multi-threaded: they are never considered exclusively owned, so they cannot be updated in place,
and their reference counts are updated atomically [67]. A shared array-based hash table would
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Fig. 16. Total time for two field representations in Lace: array-based (blue line, ▲) and canonical (black

line, ▲; Sec. 3.4). Horizontal axes show thread counts (1–14); vertical axes show seconds on a logarithmic

scale. Speedup is the canonical time divided by the array-based time at the same thread count. Solid and

dashed double-headed arrows mark the minimum and maximum speedups across thread counts, respectively.

Annotations give search depth (d), generated states (#s), and distinct states (#ds).

thus be copied on every insertion, so the parallel search uses persistent data structures. This design
avoids excessive copying but might sacrifice some efficiency compared to hash-based structures.

Parallel scalability. As the number of threads increases, Lace generally achieves smaller speedups
over its own single-threaded execution than TLC does. This difference may partly stem from the
overhead of the persistent data structures discussed above. Another possible contributor is redun-
dant work across MapReduce workers: different workers may generate the same successor states,
incurring additional duplicate-handling and merging costs that limit the benefits of parallelism.

Non-monotonic behaviour. We also observe an intriguing non-monotonic behaviour in bench-
marks including TaskClaiming and TicketSem: execution time decreases as the number of threads
increases up to a point, but exhibits sudden step-wise increases when the thread count reaches
certain thresholds (i.e., around 6 and 11). We hypothesise that this effect is related to the underlying
hardware topology of our evaluation platform. The Apple M4 Pro chip features 10 performance
cores and 4 efficiency cores. According to system-level profiling tools, the performance cores appear
to be organised into two clusters of 5, each sharing an L2 cache, while the efficiency cores form
a separate cluster. When the number of worker threads exceeds 5, threads spill into the second
performance-core cluster, and cross-cluster communication introduces additional cache-coherence
traffic and interconnect latency. At 11 threads, workers may be scheduled on the efficiency cores,
whose throughput is substantially lower, creating a straggler effect in our bulk-synchronous parallel
BFS. Given that Lean is primarily intended for interactive use, these observations are practically
relevant: they suggest that hardware topology can have a noticeable impact on performance, and
may need to be taken into account when running Lace on commodity multi-core machines.

6.3 RQ3: Impact of Field Representation
Fig. 16 compares the performance of Lace on three Veil specifications under two different field
representations: the array-based representation and the canonical instance that serves as a baseline
(Sec. 3.4). The FloodSet benchmark is taken directly from Sec. 2 using the same configuration, while
Ring and MultiSigAll are drawn from previously verified Veil protocols [53]. These benchmarks
exhibit different structural characteristics: Ring involves no non-deterministic choice and uses
only relations; MultiSigAll also relies solely on relations but involves relations with up to five
parameters; FloodSet, as shown in Sec. 2, uses both functions and relations.
The results show that the array-based representation yields substantial performance improve-

ments over the baseline across almost all thread counts. In most cases, the speedup exceeds an order
of magnitude, and in extreme cases such as MultiSigAll, approaches almost two orders of magnitude.
This clearly demonstrates the significance of efficient field representations on the performance of
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explicit-state model checking. Regardless of each representation is used for model checking, all
three protocols remain verifiable without requiring any modifications to their specifications.

7 Related Work
Symbolic and explicit-state model checking. Practitioners routinely use both symbolic and explicit-

state model checkers, since each excels where the other struggles. For TLA+, TLC [75] enumerates
concrete states to find deep bugs in bounded instances, while Apalache [27] encodes transitions as
SMT constraints to reason about unbounded state spaces. Having both is valuable, but requires two
independent implementations of the same language semantics, which is error-prone: bugs from
such inconsistencies are well-documented in production model checkers [76]. Ivy [44] includes
both a symbolic model checker and support for exporting to the external finite-state model checker
ABC [2], via eager abstraction. No formal proof establishes that the exported specification matches
the semantics of the original. mypyvy [71] is a related research platform for verifying transition
systems in first-order logic that similarly supports symbolic model checking.Quint [62] is a modern
TLA

+-inspired language whose specifications can be both symbolically checked by Apalache and
randomly executed (in Quint’s terms—simulated) to find bugs; unlike Lace, it makes no formal
guarantee that the two interpretations of a specification agree. P [12] takes a different angle:
specifications are written as collections of communicating state machines that serve a dual purpose—
they can be executed by a model checker that systematically explores message interleavings to find
bugs, and they also define the safety properties against which the system is checked; like Quint, P
provides no formal proof that execution and verification interpret the same model consistently.

The closest predecessor to Lacewithin Veil’s own lineage is the randomised simulator introduced
in the Loom paper [18], which executes Veil actions concretely by resolving each non-deterministic
choice to a single candidate via Lean’s Findable type class. That simulator is proved sound: any
trace it produces is a valid execution of the specification. Lace improves on it in two fundamental
respects. First, it provides an exhaustive enumeration of all reachable states: the extraction algorithm
is proved both sound and complete, so no reachable state is ever missed. Second, Lace introduces a
certified efficient state representation layer, equipping each state component with a runtime data
structure (e.g., hash sets and sorted maps) that is guaranteed to behave identically to its logical
counterpart, enabling practical performance on large state spaces. Together, these contributions
turn a single-trace random simulator into a fully verified explicit-state model checker.

Model checking for invariant inference. Finding inductive invariants is often the most laborious
part of a deductive proof, and many tools automate it by learning from the reachable states of
finite instances. DistAI [74] and DuoAI [73] learn candidate invariants from states sampled by
simulating small instances and weaken them with SMT checks until they are inductive. Endive [57]
uses TLC to check candidate invariants of TLA+ specifications on finite instances, with correctness
then established in TLAPS. More recently, I3DP [3] combines an IC3-style search with a large
language model, using TLC to screen candidates on a finite instance, Apalache [27] to check their
inductiveness there, and TLAPS for the unbounded proof. Because the final invariant is checked by
an SMT solver or a proof, a buggy model checker or simulator cannot make these tools unsound, but
it can mislead them: a missed reachable state lets a non-invariant survive filtering, while a spurious
state eliminates a genuine invariant, possibly causing inference to fail. Lace could complement these
tools by guaranteeing that its explored states are exactly the reachable states of the instance, under
the same semantics that Veil’s inductiveness checks and proofs use. Moreover, Lace is embedded in
Veil’s ecosystem, where calling different backends is seamless: as Fig. 2 shows, each takes only a few
lines of commands. These capabilities suggest that integrating such invariant-inference algorithms
into Veil is a promising direction for future work.
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Certifying and certified model checkers. Namjoshi [45] introduced certifying model checkers,
which supplement every outcome—safety proof or counterexample—with an independently check-
able certificate: a Hoare-style proof tree for a positive result, or an explicit witness trace for a bug,
each dischargeable by a dedicated proof checker that is itself simple enough to verify independently.
Our approach differs in scope: rather than generating a per-run certificate, we prove the model
checker correct once and for all inside Lean, so every run is trustworthy by construction without
any certificate being generated or checked at runtime. The closest predecessor to Lace is the fully
verified LTL model checker by Esparza et al. [14], mechanised in Isabelle/HOL with over 4,000 lines
of extracted, executable ML code. Like Lace, it embeds a verified exploration algorithm in a proof
assistant and extracts a runnable implementation; the key differences are domain and technique: it
targets LTL properties over finite automata and uses Isabelle/HOL’s Refinement Framework [31]
to separate an abstract correctness proof from a refined efficient implementation in a two-stage
process, while Lace achieves the same separation via type class instances, unifying the two stages
into a single definition. Because Lace lives inside Veil, it also inherits Veil’s deductive and symbolic
verification modes at no extra cost, making explicit-state model checking one component of a
broader foundational verification ecosystem rather than a standalone tool. Wimmer and Lam-
mich [72] extend the same approach to verified timed automata model checking in Isabelle/HOL,
targeting real-time systems rather than reachability properties of distributed protocols.

Type class-based program derivation in proof assistants. Two prior works in Rocq establish the
pattern that our field representation layer follows. Krebbers and Spitters [29] use type classes to pair
an abstract specification of exact real arithmetic with an efficient machine-integer implementation,
proved lawful by a condition guaranteeing the two agree on all operations. The CoqEAL library [11]
generalises this into a refinement framework for computational algebra, linking abstract algebraic
structures to efficient implementations of matrix and polynomial operations via Rocq’s canonical
constructions [42]. Our contribution applies this pattern to a new domain—model checking state
representation—and exploits the fact that Lean’s type class instance generation mechanism dis-
charges the lawfulness obligation automatically, requiring no manual proofs. Palamedes [19] is a
Lean library that uses type class instance generation to automatically derive constrained random
generators à laQuickCheck [4] from specifications, a different application of type class inference.
The type class-based approach is not the only way to decouple specifications from implemen-

tations in a proof assistant. The Refinement Framework of Isabelle/HOL [31] provides general
infrastructure for stepwise refinement from abstract programs to efficient ones, used in the men-
tioned work on LTL model checker [14]. Alternatively, the lawfulness condition can be baked into
the runtime representation’s type as a dependent pair of a data structure and a proof, as supported
by Lean’s and Rocq’s [60] subtype mechanisms, thus, making instantiation impossible without
supplying the proof, but pushing the obligation to each definition site rather than resolving it once
via instance synthesis. We chose type classes because Lean’s instance resolution discharges the
lawfulness obligation automatically, requiring no manual proof threading.

8 Conclusion and Future Work
“No model checker can handle all the specifications that we can write in a language as
expressive as TLA+. However, TLC seems able to handle most TLA+ specifications that
people actually write.” — Leslie Lamport [34, §14.2]

Based on the evaluation results presented in Sec. 6, we argue that this work yields a new explicit-
state model checker that is (a) certified, (b) practical, and (c) implemented entirely inside a proof
assistant. Although Lace remains far from matching the feature set and maturity of a long-standing
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industrial tool such as TLC, it already attains competitive performance on a wide family of bench-
marks after roughly two person-years of development. Notably, by combining a diverse set of
programming language techniques (monads, type classes, meta-programming, and dependent
types), we demonstrate that a proof-carrying implementation can be both expressive and efficient,
a meaningful win given the modest development time and the high bar set by existing tools.

Several avenues remain open. Our current implementation does not yet support liveness checking,
lacks the TLA+ module instantiation mechanism (e.g., its INSTANCE-style reuse), and its parallel state-
space exploration leaves room for improvement. Addressing these gapswill require both engineering
effort and new verification insights. We therefore view the current Lace implementation as a solid
foundation rather than a finished product. Promising directions for future work include generalising
our approach to enumerative semantics to other monads or into a reusable methodology, extending
both the enumerative semantics and field representations to support infinite domains, supporting
liveness reasoning through both explicit-state [25] and symbolic techniques [77], and exploring
alternative multi-threading designs such as lock-based concurrency in the style of TLC.

We note that at the time of this writing, Lean itself is an actively evolving language and ecosystem.
This project represents an early but encouraging attempt to achieve high performance, high
expressiveness, and good ergonomics simultaneously for a tool implemented entirely within a
proof assistant. The experience so far suggests that Lean is a promising implementation language
for verified tooling of this kind. We believe that further work along this direction will continue to
demonstrate the viability of building certified high-performance systems directly within Lean.

Data Availability Statement
Benchmark materials for the evaluation in Sec. 6 are available in the Veil repository:

https://github.com/verse-lab/veil
Some third-party TLA+ benchmark sources are not included because their redistribution permissions
are unclear. For these sources, we provide references to fixed upstream revisions and scripts to
download the required files and verify their checksums. The software artefact accompanying
this paper contains the source code of Veil and Lace, benchmark configurations, evaluation data,
and build and evaluation scripts. Reproducing the evaluation requires retrieving these external
benchmark sources using the provided scripts.
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